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Abstract
The decay of the electric potential in the sheath region in tokamak divertors
occurs on a scale length on the order of the main ion gyroradius (Chodura
sheath) due to magnetic fields lines intersecting the divertor plates at grazing
incidence. As a consequence, high-Z impurities like tungsten ionize within the
sheath region in attached plasma conditions. The modification of the electron
distribution in the sheath region must thus be taken into account to accurately
model ionization and emission of impurities within the sheath region. To that
end, an analytical expression of the distribution of the vertical ionization path for
impurities sputtered from divertor plasma-facing components is derived. This
expression is then used to estimate the fraction of neutral impurities ionizing
within the sheath and the average vertical ionization path, and to derive an
effective SXB (the number of ionizations per emitted photon) coefficient which
includes the effects of the variation of the electron distribution in the sheath
region. These results are applied to tungsten impurities sputtered from divertor
plates. It is shown that the SXB coefficient for neutral tungsten is significantly
reduced in high-density attached divertor plasma conditions (ne ≳ 5× 1013 cm−3)
because of the ionization of neutral tungsten well within the sheath region.

K E Y W O R D S

Chodura sheath, divertor, SXB coefficients, tungsten erosion

1 INTRODUCTION

Divertors in International Thermonuclear Experimental Reactor (ITER) and other future fusion reactors will be made
of tungsten plasma-facing components (PFCs),[1] and will be operated in partially detached plasma and perhaps with
small edge localized mode. For those plasma regimes, the erosion of tungsten PFCs may significantly reduce the PFCs
lifetime and deteriorate plasma performance due to the contamination of the core plasma by tungsten impurity. Accurate
predictions of tungsten erosion in boundary plasma are thus required to design and operate divertor in future fusion
reactors. Furthermore, reliable in situ experimental measurements of tungsten erosion during plasma operations must be
developed to validate predictive models of tungsten net erosion and monitor the evolution of tungsten sources in divertor
during long plasma pulses.

Divertors in present tokamaks and future fusion reactors are characterized by a tilted magnetic field intersecting
divertor PFCs surfaces at very shallow angle below 5◦. This magnetic field at shallow incidence strongly impacts the
electric sheath through a large decay of the electric potential in the magnetic presheath, and conversely a small decay
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F I G U R E 1 (a) Velocity of
sputtered neutral impurity from a flat
material surface in spherical
coordinates. (b) Electric potential in the
sheath 𝜙sheath (Equation 12)

of the electric potential in the Debye sheath,[2,3] leading to the formation of a Chodura sheath. The decay of the electric
potential in the sheath thus occurs over a scale length much larger than the Debye length, and the width of the sheath
region is of the order of the main ion Larmor radius. As pointed out by Fussmann,[4] such a wide electric sheath may
affect the ionization of sputtered impurities due to the variations of the electron distribution in the sheath. Whereas these
effects are noticeably negligible for low-Z impurities, such as carbon or beryllium which ionize outside of the sheath, the
ionization of high-Z impurities like tungsten can occur within the sheath region, and thus affects tungsten emission as
well as tungsten prompt redeposition.

This paper addresses specifically the ionization of neutral tungsten impurities within the sheath region and its con-
sequence on the subsequent impurity emissivity. Effects on impurity prompt redeposition will be discussed elsewhere.
First, an analytical expression of the distribution of the vertical ionization path is derived in Section 2, and it is used to
estimate the fraction of neutral impurity which ionized within the sheath and the average vertical ionization path. Using
these results, a new expression of the SXB coefficient (the number of ionization events per emitted photon[5]) is pro-
posed in Section 3 to consider the effects of impurity ionization within the sheath region. These results are then applied
in Sections 4 and 5 to tungsten impurities. It is shown that a large fraction of neutral tungsten is ionized well inside the
sheath region in high-density attached plasma divertor conditions (ne > 1014 cm−3), and that the effective SXB coefficient
is consequently strongly reduced.

2 EFFECTS OF THE ELECTRIC SHEATH ON THE IONIZATION OF
SPUTTERED NEUTRAL IMPURITIES

We consider in this work impurities of mass M physically sputtered from a flat material surface located at z = 0 at the
velocity v, the polar angle 𝜃, and the azimuthal angle 𝜑 (Figure 1a). The kinetic energy of plasma species impinging on
material surface and inducing physical sputtering is assumed to be sufficiently large such that the velocity distribution
of sputtered neutral impurity can be described as the convolution of a cosine polar angular distribution f 𝜃 , a uniform
azimuthal angular distribution f 𝜑(𝜑) and a Thompson energy distribution f Thompson.

[6]

Trajectories of the neutral tungsten particles emitted from the divertor material surface are assumed to be ballis-
tic until the first ionization event, that is, collisions of sputtered neutral impurities with neutral and charged plasma
particles are negligible. The variations of the electron density and temperature along the material surface are ignored,
that is, plasma conditions are considered uniform along the material surface. In a tokamak divertor configuration, the
ionization mean-free path of neutral impurities emitted from the surface is thus assumed to be smaller than the radial
variations of the divertor plasma conditions. Consequently, we only consider in this work the effects of the variations of
the electron density and temperature in the sheath along the z direction on the ionization of sputtered impurity. These
effects are modelled by the dependence of the vertical ionization path of sputtered neutral impurity 𝜆iz =

𝜆iz
𝜆sheath

on the
distance ẑ from the plate. In this work, the distances are normalized to the width of the sheath region 𝜆sheath (Figure 1b).

Following the standard description of test particle collisions with background plasma particles,[7] the probability den-
sity function f iz of the vertical distance ẑiz from the material surface, at which neutral impurities emitted from the material
surface at ẑ = 0 are ionized, is given by

fiz(̂ziz) =
1

𝜆iz(̂ziz)
e−

∫ ẑiz
0

1
𝜆iz (̃z)

dz̃
. (1)
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The trajectory of neutral impurities sputtered from material at the velocity v, the polar angle 𝜃, and the azimuthal
angle 𝜑 is ballistic, so that

𝜆iz (̂z) =
v cos 𝜃

Siz (̂z)ne (̂z)𝜆sheath
, (2)

where ne is the electron density and Siz is the ionization coefficient of sputtered neutral impurities defined by

Siz (̂z) =
∫ ∞

0 𝜎iz(ve)vefe(ve, ẑ)dve

ne(̂z)
, (3)

f (ve, ẑ) is the electron velocity distribution with ∫ ∞
0 fe(ve, ẑ)dve = ne(̂z). The velocity of sputtered impurities is assumed

to be much smaller than the thermal velocity of the electrons
(

v ≪
√

Te
me

)
and is thus ignored in expression (3). The

ionization rate of sputtered neutral impurity can be expressed as a function of the ionization rate of neutral impurity at
the entrance of the sheath, i.e.

Siz(̂z)ne(̂z) = Siz,pne,p
⏟⏟⏟

𝜈iz,p

𝛿iz (̂z), (4)

where the subscript p indicates the values at the entrance of the sheath (̂z = 1). The function 𝛿iz is strictly positive and
represents the effects of the variation of f e along the sheath region on the ionization rate, and thus includes in all generality
variations of both Te and ne. The variations of the electron velocity distribution out of the sheath region is ignored (𝛿iz (̂ziz ≥
1) ≈ 1)..

Normalizing the impurity velocity by v̂ = v
𝜆sheath𝜈iz,p

and using relationships (2) and (4), expression (1) can be integrated
over the angular distributions f 𝜃 and f 𝜙, and over the Thompson energy distribution f Thomson, which reads in the velocity
space

fThomson(̂v) ∝
v̂3

(̂v2 + v̂2
b)3

⎛⎜⎜⎜⎜⎝
1 −

√√√√√1 +
(

v̂
v̂b

)2

1 + 𝜉c

⎞⎟⎟⎟⎟⎠
, (5)

where v̂b =
√

2Eb
M

𝜈iz,p𝜆sheath
is the characteristic velocity of sputtered particles and 𝜉c =

Ecutoff
Eb

is the maximum energy Ecutoff at
which impurities are sputtered relative to the surface binding energy Eb. The integration of expression (1) leads to the
distribution giz of ẑiz for neutral impurities physically sputtered from divertor plates:

giz (̂ziz) =
d𝜂b (̂ziz)

dẑiz
Υ𝜉c (𝜂b(̂ziz)), (6)

where 𝜂b(̂ziz) =
∫ ẑiz

0 𝛿iz (̃z)dz̃
v̂b

is the effective ionization time. The function Υ𝜉c is defined by

Υ𝜉c (𝜂b) =
2
𝜂b

∫ ∞
𝜂b√
𝜉c

𝜂2(e−𝜂−𝜂Γinc(0,𝜂))(
1+ 𝜂2

𝜂2
b

)3

⎛⎜⎜⎝1 − 𝜂

𝜂b

√
1+ 𝜂2

𝜂2
b

1+𝜉c

⎞⎟⎟⎠ d𝜂

∫ ∞
𝜂b√
𝜉c

𝜂(
1+ 𝜂2

𝜂2
b

)3

⎛⎜⎜⎝1 − 𝜂

𝜂b

√
1+ 𝜂2

𝜂2
b

1+𝜉c

⎞⎟⎟⎠ d𝜂

, (7)

where Γinc is the incomplete Gamma function.[8] Tabulated values of Υ𝜉c are provided as supplemental material.
Using Expressions (6) and (7), the fraction 𝜒 sheath of physically sputtered neutral impurities ionized within the sheath

region (0 ≤ ẑ ≤ 1) can be simply expressed as

𝜒sheath = ∫
1

0
giz(̂ziz)dẑiz = ∫

𝜆−1
iz,b

0
Υ𝜉c (𝜂)d𝜂, (8)
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where 𝜆iz,b = v̂b

∫ 1
0 𝛿iz (̃z)dz̃

corresponds to the characteristic ionization mean-free path v̂b corrected with the variation of the

electron velocity distribution in the sheath region. Similarly, the average vertical ionization path 𝜆iz reads

𝜆iz = ∫
∞

0
ẑizgiz(̂ziz)dẑiz = ∫

∞

0
Φb(𝜂)Υ𝜉c (𝜂)d𝜂, (9)

where Φb is the inverse function of 𝜂b (̂z) and is the solution of the first-order differential equation dΦb
d𝜂

= v̂b
𝛿iz(Φb)

with
Φb(0) = 0.

3 EFFECTIVE SXB COEFFICIENT WHEN SPUTTERED NEUTRAL
IMPURITIES ARE IONIZED WITHIN THE SHEATH REGION

We examine in this section the effects of the ionization of sputtered neutral impurities in the sheath on the SXB coefficient
introduced by Behringer[5] to spectroscopically determine the flux of impurity sputtered from material surface. Effects of
metastable states are not included for the sake of simplicity. Following Behringer[5], the flux of neutral impurity sputtered
from a material surface Γero can be inferred from the photon flux 𝜙photon by the introduction of the SXB coefficient Siz

Sph
,

where Sph is the photon emissivity coefficient, such that

Γero =
Siz,p

Sph,p
⏟⏟⏟

SXB coefficient

× ∫
∞

0
Sphnimp(̂z)ne(̂z)dẑ

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜙photon

, (10)

where Sph,p is the value of Sph at the entrance of the sheath. The measurement of Γero using expression (10) relies on the
assumption that the SXB coefficient is constant along the field of view above the divertor plate. However, the dependence
of Siz and Sph on ẑ must be taken into account in the expression of the SXB coefficient when impurities are ionized in the
sheath region. In this case, expression (10) is recast into

Γero =
Siz,p

Sph,p

∫ ∞
0 𝛿iz (̂z)giz (̂z)dẑ

∫ ∞
0 𝛿ph(̂z)giz(̂z)dẑ

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
effective SXB coefficient

× 𝜙photon, (11)

where we have introduced 𝛿ph such that Sph(̂z) = Sph,pne,p × 𝛿ph(̂z), similarly to expression 4. Expression (11) shows that
the effective SXB coefficient is lower than Siz,p

Sph,p
when the effects of the variation of the electron distribution in the sheath

are stronger on the ionization rate than on the photon emissivity rate (𝛿iz <𝛿ph).

4 IONIZATION OF SPUTTERED NEUTRAL TUNGSTEN IMPURITIES IN
PRESENCE OF A CHODURA SHEATH IN DIVERTOR

The ionization of tungsten impurities physically sputtered from divertor PFCs in the presence of a Chodura sheath is
considered in this section using the results derived in Section 2. In tokamak divertor, the magnetic field lines intersect the
divertor material surfaces at a shallow angle 𝛼, usually less than 5◦. As a consequence, the charge separation in the sheath
occurs a scale length of the order of the main plasma ion Larmor radius 𝜌i.

[3] The decay of the electric potential thus occurs
on a scale length of several 𝜌i, as shown in several recent kinetic simulations,[9–11] and the sheath width is thus much
larger than the Debye length 𝜆sheath ∼ 𝜌i ≫𝜆Debye. We assume in this work that the profile of the sheath electric potential
is given by expression (12) with 𝛽sheath = 4, obtained from the kinetic simulations performed by Coulette at 𝛼 = 2′.[9]

𝜙sheath(̂z) = −Λe−𝛽sheath ẑ. (12)

The electric potential, displayed in Figure 1b, is here normalized by the electron temperature 𝜙sheath = e𝜙sheath
kbTe

. The
magnitude of the decay of the electric potential is assumed to be aboutΛ≈ 2.5.[9] Following from expression 12, the sheath
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F I G U R E 2 Ionization mean-free path of neutral tungsten (a), fraction of neutral tungsten ionizing within the sheath region (b) and
average ionization path of neutral tungsten (c) for 𝜉c = 1.5 as a function of divertor plasma electron temperature and density using tungsten
ionization coefficient from the ADAS database.[12] (d) Fraction of neutral tungsten ionizing within the sheath region 𝜒 sheath and average
vertical ionization path for neutral tungsten as a function of the ionization mean-free path 𝜆iz,b

width 𝜆sheath is thus formally defined as the distance from the divertor surface above which the difference between the
sheath potential and the plasma potential is inferior to 5% (𝜙(̂z > 1) < 0.05). The electron temperature is assumed to be
constant in the sheath region, and the electron density in the sheath is assumed to be given by the Boltzmann relationship

ne(̂z) = ne,pe𝜙sheath (̂z). (13)

The ionization coefficients for neutral tungsten are taken from the ADAS database[12], and they do not exhibit any
dependency on the electron density, such that 𝛿iz(̂z) = exp(−Λe−𝛽sheath ẑ), and ∫ 1

0 𝛿iz (̂z)dẑ = 0.59. The tungsten surface
binding energy is assumed to be about Eb ≈ 8.63 eV.[13]

The values of the tungsten ionization mean-free path 𝜆iz,b, the fraction of neutral tungsten ionized in the sheath 𝜒 sheath
and the average tungsten vertical ionization path 𝜆iz are reported in Figure 2a–c as a function of ne and Te for 𝜉c = 1.5,
which corresponds to Ecutoff = 13 eV. It should be noticed that the distribution of the vertical ionization path giz for tungsten
weakly depends on 𝜉c and so do 𝜒 sheath and 𝜆iz (Figure 2d).

In the range of attached divertor plasma conditions expected in ITER and future fusion reactors ne ≳ 1014 cm−3 and
Te ≳ 5 eV, a large fraction of sputtered neutral tungsten in divertor are ionized within the sheath region (𝜒 sheath ≈ 1).
Furthermore, neutral tungsten in these high-density plasma conditions are ionized early in the sheath region where the
variation of the electron distribution is large (𝜆iz,b < 0.5). In contrast, only a minority of sputtered tungsten are ionized
within the sheath region near the sheath entrance (𝜆iz > 0.5) in divertor experiments performed at lower divertor plasma
density ne ≲ 1013 cm−3

.
[14–16]

Consequently, effects of the Chodura sheath on the ionization of tungsten impurity are expected to be significant in
high-density divertor plasma (ne ≳ 5× 1013 cm−3) but can be ignored in divertor plasma at lower density, as illustrated in
the next section.

5 EFFECTS OF THE CHODURA SHEATH ON THE SPECTROSCOPIC
MEASUREMENTS OF TUNGSTEN GROSS EROSION FLUX IN TOKAMAK
DIVERTOR

Effects of the Chodura sheath on the SXB coefficient used to monitor tungsten sputtering in tokamak divertor through
the WI line emissions at 400.9 nm[14,15,17] are analysed in this section using the sheath model and other tungsten param-
eters introduced in the previous section. However, no photon emissivity coefficient corresponding to this emission line is
available in the ADAS database. In lieu of ionization and photon emissivity coefficients from the ADAS database, we con-
sider in this section the ionization coefficient Siz and the photon emissivity coefficient Sph obtained from the collisional
radiative model ColRadPy.[18] These coefficients were derived with an ionization cross section obtained by the exchange
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F I G U R E 3 Illustration of the effect of the Chodura sheath on the effective SXB coefficient corresponding to the WI line at 400.9 nm (d)
calculated using the ionization rate (a) and the photon emission coefficient (b) obtained with the collisional radiative model ColRadPy (see
Section 5). The corresponding variations of the ionization rate and the photon emission coefficient in the sheath region are displayed in plot (c)

classical impact parameter method[19] using the energy structure from a non-perturbative Dirac R-matrix calculation
performed by Smyth et al.[20] to determine the electron impact excitation coefficients.

Siz and Sph exhibit different dependencies on the electron density (Figure 3a, b). Because of the stronger variations
of Sph with the electron density, 𝛿ph is larger than 𝛿iz, in particular at high electron density (Figure 3c) for which neutral
tungsten are ionized well within the sheath region (𝜆iz < 0.5). As a result, the effective SXB coefficient given by expression
(11) is strongly reduced at high plasma density due to the ionization of tungsten impurities within the sheath region
(Figure 3d).

Accurate first-principle modelling of both ionization and photon emissivity coefficients is thus required to calculate
SXB coefficients relevant to the spectroscopic measurement of tungsten erosion in divertor operating at high plasma
density. It should be pointed out that inaccuracies in Siz and Sph are unlikely to cancel out each other in the expres-
sion of the effective SXB coefficient when the effects of the Chodura sheath on tungsten ionization and emission are
significant.

6 SUMMARY

An analytical expression for the distribution of the vertical ionization path of neutral impurities is derived to describe the
effects of the electric sheath, induced by the variation of the electron distribution in the sheath region, on the ionization
of neutral impurities. The magnitude of these effects can be estimated from the fraction of impurity, which are ionized
within the sheath region and the average vertical ionization path relative to the sheath width derived in this work. An
expression of the effective SXB coefficient for neutral impurities considering the effects of the variation of the electron
distribution in the sheath region on impurity ionization and emission is then obtained.

Using these results, it is shown that the SXB coefficient used to spectroscopically determine the amount of tung-
sten impurity physically sputtered from divertor plates is significantly reduced due to the ionization of neutral tungsten
well within the sheath region in high-density attached divertor plasma conditions (ne ≳ 5× 1013 cm−3). For those plasma
conditions, accurate modelling and estimation of both ionization and emission rates is critical to estimate the effective
SXB coefficient since the variation of the electron distribution in the sheath affects likewise the ionization rate and the
emission rate of neutral tungsten.

It should be noticed that the model introduced in this work to describe the ionization and emission of physically
sputtered neutral impurities within the sheath accounts for the variations of the electron distribution in the sheath without
any assumption about the electron density and temperature. Therefore, this model can be straightforwardly applied to
consider kinetic effects in the electron distribution, for example, variation of the electron temperature in the sheath,
energetic electron component in the tail of the electron distribution, and so on. Finally, the derivation of the present
model should be extended, for instance within the framework of the generalized collisional radiative model ColRadPy,[18]

to take into consideration tungsten metastable states which may significantly affect tungsten ionization and emission at
low plasma density.
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